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Abstract. In 1980, J. Bourgain and F. Delbaen constructed two classes X and

Y of L∞-spaces each exhibiting many surprising properties. In particular, the

members of X each possess the Schur property and the members of Y are

somewhat reflexive. In this paper, for a Banach space in either of these classes

we define a bounded shift-type operator which is an isometry when restricted

to a certain hyperplane.

1. Introduction

In their fundamental paper from 1980, J. Bourgain and F. Delbaen [2] introduced
classes of separable L∞-spaces X and Y which at the time resolved many long-
standing conjectures.

(i) Each X ∈ X has the Schur property, is weakly sequentially complete and
has the Radon-Nikodym property.

(ii) Each Y ∈ Y is somewhat reflexive and has the Radon-Nikodym property.

A few years after these constructions, Bourgain and Pisier combined efforts in [3]
to give a wide-ranging class of examples by extending the techniques developed in
the above constructions (see [4] for an exposition). Unfortunately, twenty years
afterward these spaces could still aptly be described as “not well understood” (see
[7]). In the last few years, however, the groundbreaking works of S. Argyros and
R. Haydon [1] and D. Freeman, E. Odell and Th. Schlumprecht [6] have brought
the importance of these constructions into sharper focus.

In particular, Argyros and Haydon combined the techniques of the Bourgain-
Delbaen construction with more recent tools developed in the theory of hereditarily
indecomposable Banach spaces to exhibit a space XK such that every operator on
the space is a scalar multiple of the identity plus a compact operator. The extra
structure provided by the fact that XK is a L∞-space is extremely important in
showing that the space of operators have the desired decomposition.

Recall that for every separable Banach space, the space of bounded linear op-
erators on the space must contain, at the very least, all scalar multiples of the
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identity and absolutely convergent sums of rank-one operators (i.e. nuclear op-
erators). Therefore, on an arbitrary Banach space, a non-trivial operator is any
operator other than a nuclear perturbation of a multiple of the identity. In the
above sense, XK has very few non-trivial operators. As a consequence L(XK) is
separable and every operator on XK has a non-trivial invariant subspace. On the
other hand, the properties of the individual operators and the geometry of the space
of operators on the spaces in X or Y remains a mystery.

Emmanuele proved [5] that for X ∈ X, L(X) does not contain `∞ isomorphically.
Since is X∗ non-separable and L(X) contains X∗ isometrically, L(X) is a non-
separable space not containing `∞. For the spaces Y ∈ Y however it is not known
whether L(Y ) contains `∞ or is non-separable. Furthermore it is easy to see that the
non-separability must be witnessed by a separated set of non-compact operators.
Given this, the main contribution of this work is to give a rather straightforward
way of constructing a non-compact operator on each of the spaces in X∪Y that is an
isometry when restricted to a certain hyperplane. We note that there does not exist
an analogue to our operator on the space XK . This illustrates how the methods
of construction initiated by Bourgain and Delbaen do not necessarily yield spaces
with inhomogeneous structure or spaces whose space of operators have a ridged
geometry.

The paper is organized as follows: In Section 2 we recall the definitions of the
Bourgain-Delbaen spaces. In Section 3 we describe the construction of the operator.
In Section 4 we pose two problems which require further study.

2. Construction of X and Y

In this section we recall the Bourgain-Delbaen constructions. We will follow
the notation used by Haydon in [7]. Let ∆1 = ∆2 have just one element. Let
Γn = ∪nk=1∆k and Γ = ∪n≥1Γn. Note Γ1 = Γ2. Now define,

∆n+1 = {n+ 1} ×
⋃

1≤k<n

{k} × Γk × Γn × {±1} × {±1}.

Each γ ∈ ∆n+1 can be written as a 6-tuple of the form:

γ = (n+ 1, k, ξ, η, ε, ε′).

By counting, it is easy to see that |∆3| = 4 and |∆4| = 40. For some fixed
constants α and β (satisfying certain conditions) one can define a L∞-space Xα,β

in the following way: Let πk be the restriction onto coordinates in Γk. Let i1, i1,2
both be the identity operator on `∞(∆2). Define u2 : `∞(Γ2)→ `∞(∆3) by,

(u2z)(3, 1, ξ, η, ε, ε′) = εαz(ξ) + ε′β[z(η)− (i1,2π1z)(η)]
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Note that the second term is 0 since i1,2 is the identity. Define i2 : `∞(Γ2)→ `∞(Γ3)
by setting

(i2z)(γ) =

{
z(γ) γ ∈ Γ2

(u2z)(γ) γ ∈ ∆3.

Let n ≥ 3. Suppose ik has been defined for all k < n. Let ik,n = in−1 ◦ · · · ◦ ik.
Notice that ik,n : `∞(Γk)→ `∞(Γn). Define un : `∞(Γn)→ `∞(∆n+1) by,

(unz)(n+ 1, k, ξ, η, ε, ε′) = εαz(ξ) + ε′β[z(η)− (ik,nπkz)(η)]

and in : `∞(Γn)→ `∞(Γn+1) by setting,

(inz)(γ) =

{
z(γ) γ ∈ Γn
(unz)(γ) γ ∈ ∆n+1.

For each n ∈ N define jn : `∞(Γn)→ RΓ by setting,

(jnz)(δ) = (in,kz)(δ) whenever (δ ∈ Γk).

The space Xα,β is the subspace of `∞(Γ) defined by

X =
⋃
n≥1

im(jn).

If there is a λ ≥ 1 such that for all n ∈ N, im(jn) is λ-isomorphic to `∞(Γn), the
space X defined above is a separable L∞,λ-space. We say X is a L∞-space if it is
a L∞,λ-space for some λ ≥ 1.

Without any conditions on the scalars α and β is not at all clear that the previous
construction yields a L∞-space. It is shown in [2] that:

(1) If 0 < β < α < 1 with α+β > 1 and α+ 2βλ ≤ λ for some λ > 1, then the
space Xα,β is a somewhat reflexive L∞,λ-space (“Class Y”). The duals of
these spaces are each isomorphic to `1.

(2) If α = 1 and β > 0 such that 1 + 2βλ ≤ λ for some λ > 1 then Xα,β is a
L∞,λ-space with the Schur property (“Class X”). The duals of these spaces
are each isomorphic to M[0, 1] = C[0, 1]∗.

From this point on when we refer to Xα,β we will be assuming that the α and β

are defined so that Xα,β is a L∞-space.
Each of these spaces described above have a natural basis and a natural finite

dimensional decomposition (FDD). For γ ∈ Γ let eγ denote the unit coordinate
vector (i.e. eγ(δ) = 1 if δ = γ and 0 otherwise). For γ ∈ ∆n, define dγ = jn(eγ).
The sequence (dγ)γ∈Γ is a Schauder basis for Xα,β . Let Mn = span(dγ)γ∈∆n

, then
(Mn)∞n=1 is an FDD for Xα,β . For z ∈ Xα,β let supp(z) = {γ ∈ Γ : z(γ) 6= 0}. Note
that for all z ∈Mn,

(1) jkπk(z) =

{
0 k < n

z k ≥ n.
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For the proof that (Mn) is an FDD and (dγ)γ∈Γ is a basis we refer the reader to
[7] or [6].

3. The non-trivial operator

In this section we give the construction of an operator S such that S restricted to
a certain hyperplane is an isometry. Recursively define an onto function F : Γ→ Γ
such that for n ≥ 1, F (∆n+1) = ∆n in the following way: Recall that ∆1 = ∆2 =
Γ2. Let F |Γ2 be the identity. Suppose F : ∆`+1 → ∆` has been defined for all
2 ≤ ` ≤ n and is onto. Let γ = (n+ 1, k, ξ, ζ, ε, ε′) ∈ ∆n+1 and define,

F (γ) = (n,max{1, k − 1}, F (ξ), F (ζ), ε, ε′).

F is clearly onto. We are ready to define the operator S. Let {γ0} = Γ2 and
S(dγ0) = 0. For γ ∈ Γ \ Γ2 define,

S(dγ) =
∑

{δ:F (δ)=γ}

dδ,

and extend linearily. Define H = span{dγ : γ ∈ Γ \ Γ2}. The following is the main
result of this paper.

Theorem 1. Let γ ∈ Γ \ Γ2 and η ∈ Γ. Then

dγ(F (η)) = (Sdγ)(η) =
∑

{δ:F (δ)=γ}

dδ(η).

Moreover, S is bounded and S|H is an isometry.

Proof. Suppose γ ∈ ∆n for some n ≥ 3. By definition, for η ∈ Γn, dγ(F (η)) =
(Sdγ)(η) = 0.

Let η ∈ ∆n+1. Observe that,

(Sdγ)(η) =
∑

{δ:F (δ)=γ}

dδ(η) = 1 ⇐⇒ F (η) = γ ⇐⇒ dγ(F (η)) = 1.

and

(Sdγ)(η) =
∑

{δ:F (δ)=γ}

dδ(η) = 0 ⇐⇒ F (η) 6= γ ⇐⇒ dγ(F (η)) = 0.

Therefore, (Sdγ)(η) = dγ(F (η)) for η ∈ ∆n+1. This was the base case of our
induction. Now assume that dγ(F (η)) = (Sdγ)(η) for all η ∈ ∆n+` with 1 ≤ ` <

m. Once we show the same holds for m, the first part of the claim follows. Let
η = (n+m, k, ξ, ζ, ε, ε′) ∈ ∆n+m so that,

F (η) = (n+m− 1, G(k), F (ξ), F (ζ), ε, ε′),

where G(k) = max{1, k − 1}.
We claim that for S as above,

(2) (ikπkS(dγ))(ζ) = (iG(k)πG(k)dγ)(F (ζ)).
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To prove this we will use equation (1). In the case that k < n + 1, the quantities
are zero. In the case that k ≥ n + 1, ikπkS(dγ) = S(dγ) and iG(k)πG(k)dγ = dγ .
Since ζ ∈ Γn+m−1, the induction hypothesis applies and S(dγ)(ζ) = dγ(F (ζ)).

Using (2) and the induction hypothesis we have,

(Sdγ)(η) = εa(Sdγ)(ξ) + ε′b[(Sdγ)(ζ)− (ikπkSdγ)(ζ)]

= εadγ(F (ξ)) + ε′b[dγ(F (ζ))− (iG(k)πG(k)dγ)(F (ζ))]

= dγ(F (η)).

The inductive step is now complete.
To verify the ‘moreover’ statement, we first show that S|H is an isometry. Using

what we just proved and the fact that F is onto we have:

‖
∞∑
n=3

∑
γ∈∆n

cγdγ‖ = sup
η∈Γ
|
∞∑
n=3

∑
γ∈∆n

cγdγ(η)|

= sup
ξ∈Γ
|
∞∑
n=3

∑
γ∈∆n

cγdγ(F (ξ))|

= sup
ξ∈Γ
|
∞∑
n=3

∑
γ∈∆n

cγ(Sdγ)(ξ)|

= ‖S
∞∑
n=3

∑
γ∈∆n

cγdγ‖.

(3)

Finally, the operator S is bounded since (dγ)γ∈Γ is a Schauder basis. �

4. Open Problems

As we mentioned in the introduction, Argyros and Haydon constructed a L∞
space XK whose dual is isomorphic to `1 and on which every operator is a compact
perturbation of a multiple of the identity. In particular, they also showed that
L(XK) is separable.

Our problems concern the spaces Y ∈ Y whose duals are each `1 and which
saturated with reflexive spaces.

Questions 1. Let Y ∈ Y.

(1) Does `∞ embed isomorphically into L(Y )?
(2) Is L(Y ) non-separable?

G. Emmanuele asks the same question in [5]. Note the following results relating to
this problem:

(a) In [5], Emmanuele proves that for Y ∈ Y the space of compact operators
on Y does not contain c0.

(b) In [8], Kalton proves that `∞ embeds in L(X) whenever c0 does.

Combining (a) and (b) we see that any collection of operators on Y ∈ Y whose
linear span contains c0 must be a collection of non-trivial operators.
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